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300EKT EOHMOBA O/IHOrO MO^EJIbHOrO 
"TPEXHACTHHHOrO"AHCKPETHOrO OllEPATOPA LQPE^HHrEPA 

K). X. 3niKa6njiOB 

AHHOTaii;Hii 

B pa6oTe H3yaaeTca cymecTBOBamie 6ecKOHeaHoro aiicjia co6cTBeHHbix 3HaaeHiiii 
OflHoro MOflejibHoro "Tpex x iacTH x ffloro"onepaTopa Hlpeflimrepa H. ,HpKa3biBaeTC5i 
TeopeMa o Heo6xo,i];HMOM h ^ocTaTOHHOM ycjiOBirax pjm cymecTBOBaHira 6ecKOHeH- 
Horo ancjia co6cTBeHHbix 3HaaeHHH b MOflejin H, Hnace mcKHero Kpaa cym,ecTeHHoro 
cneKTpa. 

Kjijoneeue cjioea: cneKTp, cymecTBeHHbin cneKTp, flHCKpeTHbifi 
cneKTp, 3(p(peKT EcpHMOBa. 

1. BBe^eHne 

HccjieapBaHne ancKpeTHbix cneKTpoB onepaTopoB nipeaimrepa HBJiaeTca Han6ojiee 

HHTeHCHBHO H3yaaeMbIM oG^eKTOM B TeOpHH OnepaTOpOB. OflHHM H3 Ba>KHbIX BonpocoB 

b cneKTpajiBHOM aHajiH3e onepaTopoB LQpe^HHrepa aBjiaeTca H3yaeHne 6ecKOHeaHOCTH 
HHCJia co6cTBeHHbix 3HaaeHHn, jiextamnx bhg cymecTBeHHoro cneKTpa, T.e. cymecTBOBa- 
Hiie acpcpeKTa EcpHMOBa b aaHHofi MO^ejiH. 3tot acpcpeKT BnepBbie 6bm oSHapyaceH E(pn- 
MOBbiM [1] ajia TpexaacTHHHbix onepaTopoB LQpefliiHrepa b HenpepbiBHOM npocTpaHCTBe. 
CTporoe MaTeMaTHHecKoe ,a,OKa3aTejibCTBO cymecTBOBaHHa scpcpeKTa EcpHMOBa 6bijio npo- 
Be^eHO b paSoTe [2], a 3aTeM b paSoTax [3,4] n ,np. 

IloMoeMy, BnepBbie b pa6oTe C.H. JlaxaeBa [5,6] ^OKa3aHO cymecTBOBaHne scpcpeK- 
Ta EcpHMOBa ,u;jih ancKpeTHoro onepaTopa LQpeflHHrepa TpexaacTHHHOH cncTeivibi. MeToa, 
6biJi ocHOBaH Ha aHajiHTHaecKHx CBOHCTBax onpe^ejiHTejieii Ope^rojibMa. 3aTeM b pa6o- 
Tax [7-10] H3yneHO cymecTBOBaHne 3(pcpeKra EcpHMOBa ,h;jih TpexaacTHHHbix ancKpeTHbix 
onepaTopoB IUpe^nHrepa MeTO^OM A.B. CoSojieBa (T.e. MeTO^OM acnMnTOTHKn) [11]. 

B HacToamen pa6oTe H3yaeHO cymecTBOBaHne scpcpeKTa EcpHMOBa fljia o^Horo mo- 
aejibHoro ^HCKpeTHoro "TpexaacTHHHoro"onepaTopa LQpeflHHrepa, BCOHHKaioiHHx b mo- 
aejin XaSSapaa. Ilpn nccjieflOBaHnn scpcpeKra EcpHMOBa, mm 6yneM nojib30BaTbca hh- 
CTpyMeHTaMH npHHHHna MHHHMaKca ajia orpaHHaeHHbix caMOConpaaceHHbix onepaTopoB 
n CBoncTBaMH nojio>KHTejibHbix HHTerpajibHbix onepaTopoB. B CTaTbe, rjiaBHbiM o6pa30M 
npHBe^eHbi ,o,ocTaTOHHbie n HeoSxoflHMbie ycjiOBna rjih cymecTBaBaHna 3(pcpeKra E(pn- 
MOBa, HH>Ke HHJKHero Kpaa cymecTBeHHoro cneKTpa b aaHHon MO^ejin. 



2. HeKOToptie o6o3HaHeHHa h Heo6xo^HMbie CBe^eHna 

ElycTb Q\ C € iV n f2 2 C M d2 ,<i 2 £ N - KOMnaKTHbie MHoacecTBa. 

PaccMOTpnM HenpepbiBHbie cpyHKinin k\(x, s) Ha flf, k\(x,s) = kx(s,x) n A; 2 (?/,t) Ha 
^2(2/) t) = A: 2 (t, 2/) . B rHJib6epTOBOM npocTpaHCTBe L 2 {Vti x f2 2 ) paccMOTpHM aacTna- 
ho HHTerpajibHbie onepaTopbi 7\ h T 2 : 

T\f(x,y) = J ki(x,s)f(s,y)du 1 (s), f G L 2 (fii x fi 2 ), 
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T 2 f(x,y) = J k 2 (y,t)f(x,t)du 2 (t), f G L 2 (^ x ft 2 ). 

n 2 

IlycTb ko(s, x) - npoH3BOJibHaa BeinecTBeHH03HanHaa HenpepbiBHaa cpyHKHna Ha 
Qi x f2 2 . 06o3HaHHM nepe3 Hq onepaTop yMHOJKeHHa Ha cpyHKnnio ko(x,y), T.e. 

H f(x, y) = k (x, y)f(x, y), / G L 2 (^i x fi 2 ). 

PaccMOTpHM jiHHeHHbiii orpaHH^eHHbiH caMOConpa>KeHHbiH onepaTop 

H = H -T (1) 

^eiicTByiomHH b npocTpaHCTBe L 2 {VL\ x fi 2 ), r^e 

T = T l + T 2 . (2) 

OnepaTop (1) aBJiaeTca oSiuhm MOflejiOM M TpexHacTHHHoro"flHCKpeTHoro one- 
paTopa IIIpeflHHrepa, BOSHHKaioinHH b MO^ejin XaSSap^a Ha npHMecHoii penieTKe [cm. 

12]- " " 

CyniecTBeHHbiH cneKTp onepaTopa H b Sojiee o6meM BH^e H3yneH b paSoTe [12]. 
B paSoTe [13] H3yneH cymecTBeHHbin h ^ncKpeTHbiii cneKTp onepaTopoB b Mo^ejin (1), 
Kor^a noTeHnnajibHaa cpyHKinia ko(x,y) HMeeT cneniiajibHbin bh^: ko(x,y) = u(x) + h(y). 

Hepe3 p(-), Ci(-), 0"e(') H a d(') 0603HaHHM, COOTBeTCTBeHHO, pe30JIbBeHTHOe MHOJKe- 

ctbo, cneKTp, cymecTBeHHbiii cneKTp n ^ncKpeTHbiii cneKTp caMOConpa>KeHHbix onepaTO- 
POB [14]. 

B MOHorpacpnn [15] c noMombio npnHnnna mhhhm<ikc<i H3yneHbi cneKTpajibHbie 
CBoficTBa 3aflaHHbix caMOConpa>KeHHbix onepaTopoB orpaHHneHHbix CHH3y, fleiicTByioniHx 
b cenapaSejibHOM rnjibSepTOBOM npocTpaHCTBe. B nacTHOCTH, ^OKa3aHO cymecTBOBaHne 
coScTBeHHbix 3HaneHHH n SecKOHenHOCTb ^ncKpeTHoro cneKTpa (T.e. cymecTBOBaHne scp- 
(peKTa EcpHMOBa) ^Jia HeKOTopbix MHoronacTnnHbix raMnjibTOHnaHOB. Cnanajia, mm h3- 
jio>khm npnHnnn "MHHHMaKca"^i,Jia orpaHnneHHbix caMOConpa>KeHHbix onepaTopoB, koto- 
pbiM SyfleM nojib30BaTca npn HCCJie^OBaHHH Ha KOHenHOCTb hjih SecKOHenHOCTb flncKpeT- 
hoto cneKTpa b MO^ejin (1). 

IlycTb !K— cenapaSejibHoe rnjibSepTOBO npocTpaHCTBO, A : 'K — > %— jinHeimbiii 
orpaHHneHHbin caMOConpajKeHHbin onepaTop. 

IIojICOKHM 

Emin = E min (A) = inf{\ : A G a e (A)}. 

HMeeM E m i n (A) G a e (A). Mhcjio E m i n (A) 6yzi,eM Ha3biBaTb HH>KHbiM KpaeM cymecTBeH- 
Horo cneKTpa onepaTopa A. 

Onpe^ejiHM BemecTBeHHoe hhcjio 

Smin = Smini^A) = inf\[Ax, x) '. X G 0~C, \\x\\ = 1}. 

Tor^a S m i n (A) G o~(A) n cymecTByeT sjieMem x\ G IK, \\ X A\ = 1 TaKoii, hto S m i n (A) = 
(Ax 1 ,xi). 

llocTpoHM orpaHnneHHyio B03pacTaiOHi;yio nocjie^OBaTejibHOCTb \i n = jj, n (A), 
n E N cjie^yioiu,HM cnocoSoM: 

Hi(A) = S min (A) = (Ax 1 ,x 1 ) 
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II 



$>(A) = (J,i(A K -i) = SrrnniA^), K = 2, 3, ... 

r^e A K — cyjKeHne onepaTopa A Ha noflnpocTpaHCTBO 



IK K = {x G IK : (x, Xi) = 0, i = 1,2, k}, 



3^ecb S m i n (A K —i) — (A K x K , x K G K, 



K — 1 ) 




1, re = 2,3,.. . 



IIOJIOKHM 



fJ>n(A) — sup{ni(A), fa (A), ...,^(A)}, TIEN. 



(3) 



Teopeivia 2.1. (npuni^un muhumgkcg, 3ah ospanuneHHUx onepamopoe e onepamopnou 
(popjvie). Ilycmb A : K — > K— ospaHuueHHUu caMOConpnotceHHUu onepamop. Tosda 3ah 
naofcdoso fyuKcupoeannozo n G iV, 



faj cymecmeyem n co6cmeeHHUx 3HaneHuu (cnuman eupootcdennue co6cmeeHHue sna- 
neHUH cmoAbKO pa3,KaKoea ux Kpamnocmb) , Aeotcam/ux nuotce nuotcnezo Kpan E min (A) 
cymecmeeHHOso cneKmpa, a f^ n {A) H3 (3) ecTb n— e co6cmeeHHoe 3HaHenue onepamopa 
A (c ynemoM Kpamnocmu), 



(6) fj, n (A)— humchuu Kpau cyv^ecmeenHozo cneKmpa onepamopa A, m.e. /i n (A) = 
^min(A), npu smoM Hn(A) = fi n+K (A),Wn G N u cymficmeyem caMoe 6oAbiuee n — 1 co6- 
cmeeuHux 3nauenuu (c yuemoM Kpamnocmu), Aeoicaw^ux HUMce HUCHcneso npan 

Emm (^4) 

cyv^ecmeennozo cneKmpa onepamopa A. 

OrpaHHHGHHblH OIIGpaTOp A '. IK — > IK Ha3bIBa6TC3 nOJIOJKHTGJIbHblM II 

nnnieTca A > hjih < A, ecjim (Ax, x) > 0, Wx G IK. 

Cjie^CTBne 2.1. Ilycmb A,B:0~C^ K— Auneunue ozpanuuennue caMoconpn- 
otcewHue onepamopu, A < B (B — A > 0) u E mm (A) = E mm (S). Tosda 



3. BcnoMoraTejibHbie yTBep^c^eHHH 

Hay^HM KOHe^HOCTb ii SecKOHe^HOCTb flHCKpeTHoro ii cymecTBeHHoro cneKTpa ca- 
MOConpajKeHHoro onepaTopa T (2). OnpeflejiiiM KOMnaKTHbie iiHTerpajibHbie onepaTopbi 
Ki ii K 2 , fleficTByiomHe cooTBeTCTBeHHO b L 2 (Qi) h L 2 (f2 2 ) no npaBiuiaM 



au6o 



au6o 



^n(A) < v n (B), neN. 



(4) 
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OnepaTop T aBJiaeTca yHHTapHO SKBiiBajieHTHbiM onepaTopy K = ^0 E + E ® K 2 fleft- 
CTByioinero b npocTpaHCTBe L 2 (Vti) ®L2(fi2)(cM.[12,16]), r^e E - TOJK^ecTBeHHbiii onepa- 
Top, ® - TeH3opHoe npoH3BefleHne. Cjie^OBaTejibHO, nojiyniiM [14] o~(T) = cr(Ki) +<j(K 2 ). 
OTCio^a HMeGM [16] 

a e (T) = a{K{) U a(K 2 ) = {0} U a^K,) U a d (K 2 ), 

a d (T) = {uj:uj = a + (3(£ a ( Kl ) y a (K 2 ), a G a^), (5 G a d (K 2 )}. 

JlerKO 3aivieTHTb, hto moiuhoctb mhokcctb cr e (T) 11 o~ d (T) He Sojiee neivi cneTHa. H3 
npe^CTaBjieHHH cymecTBeHHoro 11 ,a,ncKpeTHoro cneKTpa onepaTopa T, jierKO cjie^yeT 

IlpeAJio»<;eHHe 3.1. HMetom Mecmo CAedywmiie nepaeencmea: 
(a)\<j d (K K )\ + 1 < \a e (T)\, k = 1,2; 

^ke(T)| < 1^(^)1 + 1^(^)1 + 1; 

(e) \a d (T)\ < MKJ] ■ \a d (K 2 )\, 
sde I ■ |— MOtuHocmb Mnootcecmea. 

Ilpe,z];jio:>KeHiie 3.2. J^ucKpemnuu cneKmp (cyv^ecmeennuu cneKmp) onepamopaT 
Konenen, mozda u moAbKO mozda, Kozda ducKpemnuu cneKmp KOMnaKmnux onepamopoe 
K\ u K 2 Konenen. 

JJoKasameAbcmeo. ^ocTaTOHHOCTb oneBH^Ha. ,I[oKa>KeM HeoSxo^iiMOCTb. ,I[onycTHM 
oSpaTHoe: ^HCKpeTHbiii cneKTp onepaTopa T KOHeneH, a ,a,ncKpeTHbiH cneKTp onepaTopa 
K\ hjih K 2 SecKOHeneH. Ha^o no^nepKHyTb, hto ^HCKpeTHbiii cneKTp caMOConpa>KeHHbix 
KOMnaKTHbix onepaTopoB, coctoht h3 Bcex hx coScTBeHHbix 3HaneHHii otjihhhmx ot Hyjia. 
He Hapymaa oSdihocth mm cniiTaeivi, hto o~ d (Ki) — KOHeneH 11 a d (K 2 )— SecKOHeneH. Tor^a 
cymecTByeT nocjie^OBaTejibHOCTb (3 n , n G N coScTBeHHbix 3HaneHHH onepaTopa K 2 Taxaa, 
hto lim B n = 0. 

IlycTb a G a d (Ki). Tor^a a + (3 n G c(T), n G N. Byn;eM BbiSpacbiBaTb 113 njieHOB 
nocjie^OBaTejibHOCTb uo n = a + [3 n , n G N Te ^JieHbi, ^jia kotopmx co K G a d {K\). Tor^a ko- 

JIHHeCTBO BblSpanieHHblX HJieHOB Uj[, Ul' 2 , H3 {(jJ n } n £N KOHeHHO, TaK KaK CaMO MHO)Ke- 

ctbo <J d (Ki) KOHe^HO. 06o3Ha^HM ^epe3 {00^} 

k&n no^nocjie^OBaTejibHOCTb H3 {wnjngiv 
TaKHx, hto uft ^ a d (Ki), V/t G N. Tenepb 6yn;eM BbiSpacbiBaTb H3 {u^} Ke N Te njieHbi, 
fljia kotopmx G o~ d (K 2 ). OflHaKO, KOJinnecTBO BbiSpanieHHbix HJieHOB tu'{, uj 2 , 
H3 {uj^}k€N 6y^,eT KOHe^HO, HHa^e cymecTBOBajia 6bi nocjie^OBaTejibHOCTb co6- 
CTBeHHbix 3HaHeHHH KOMnaKTHoro onepaTopa K 2 Taxaa, hto lim uj" k = a 7^ 0, a sto 
npoTHBope^HT KOMnaKTHOCTH onepaTopa K 2 . 

06o3HaHHM nepe3 {^^} K eN nocjie^OBaTejibHOCTb cocToanryio 113 njieHOB nocjie^o- 
BaTejibHOCTb {uj^} k£ n TaKyio, hto tu^ a d (K 2 ), V/t G N. CjieflOBaTejibHO, invieeM 
00^ = a + [3 nk G a d (T), V/t G N, r^e (3 nK — noflnocjieflOBaTejibHOCTb nocjie^OBaTejibHOCTH 
{(3 n }neN C cr d (K 2 ). OTCio^a, |<jrf(T)| = 00, a sto npoTHBope^HT npe^,nojio>KeHHio.B 

Ilpefljio^ceHHe 3.3. JJucKpemHuu cneKmp (cyv^ecmeennuu cneKmp) onepamopa T 
6ecKonenen, mozda u moAbKO mosda, Kosda ducKpemnuu cneKmp onepamopa K\ uau K 2 
6ecKOHeueH. 

4. 3cpcpeKT EcpHMOBa 
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CymecTBeHHbiii cneKTp <J e (H) onepaTopa H npe^CTaBJiaeTca b BH^e (TeopeMa 3.3 

[12]): 

a e (H) = a(H ) U a(H - 7\) U a(H - T 2 ). 

B ^ajibHennieM, npe^nojio>KHM hto b MO^ejin (1) ko(x,y)— npoH3BOJibHaa HeoTpa- 
n,aTejibHafl cpyHKinia Ha fii x Q 2 h fco ^{O}) n Qi x fi 2 ^ h ^ > 0, K 2 > 0. 

TeopeMa 4.1. Ltycmb Hq > (E m i n (H)+7] )E, sder/o = supa e (T). Ecjiu ducKpemnuu 
cneKmp <Jd(T) onepamopa T (2) Koneuen, mozda KOAunecmeo co6cmeeHHUx 3nauenuu e 
Modejiu (1), AecHcamux nuwce nuwcnezo npan E m i n (H) cymecmeennozo cneKmpa <J e (H) 
Koneuen. 

JJoKasameAbcmeo. HivieeM 

cr e (r} E - T) = {u : u = i] - X, A G cr e (T)}. 

Tor^a a e (i] E - T) C [0, oo) h G a e (r] E - T). OTCio^a E min {T) = E min (i] E — T) = 0. 
Tor^a nojiyniiM, hto 

E m in(H — E min (H)) = E min {r)QE — T) = 0. 

H3 if > (E min (H) + r/o)-^ cjie^yeT, hto ?7o-E - T < H - E min (H) ■ E. Tor^a b cnjiy 
HepaBeHCTBa (4) 

fx K ( m E — T)< fi K (H - E min (H) ■ E), k G N. 
IlycTb |(7d(T)| = m. Tor^a ,a,Jia MHoacecTBa 

^(t^E - T) = : G a d (77 £ - T), < 0} 

HMeGM 

1 < \a d ( Vo E - T)\ = m < m, 

T.e. hhcjio coScTBeHHbix 3HaneHHH onepaTopa rjoE — T, jie^Kainnx HHJKe HHJKHero Kpaa 
cynjecTBeHHoro cneKTpa a e (r] E — T) He Sojibine aeivi m. 

Cjie^OBaTejibHO, b cnjiy TeopeMbi 2.1 cynxecTByeT HaTypajibHoe hhcjio n TaKoe, hto 

Hn +K (voE - T) = 0, Vk G iV U {0}. 

OTCiofla, HMeeM /j n+K (H — E m i n (H) ■ E) = 0, V/t G iVU {0}, T.e. KOJinnecTBO OTpimaTejib- 
hmx coScTBeHHbix 3HaneHHH onepaTopa — E rn i n (H) ■ E KOHenHO. Cjie^OBaTejibHO, ko- 
jiHnecTBO coScTBeHHbix 3HaneHHH onepaTopa H jie>Kaiinix HHJKe HiDKHero Kpaa E m i n (H) 
cymecTBeHHoro cneKTpa, TaK>Ke 6yzi,eT KOHeHHoii.B 

H3 TeopeMbi 4.1. cjie^yiOT 

TeopeMa 4.2 Uycmt H > (E min (H)+r)o)E. Hmo6u e ModeAU (1) nuotce nuotcnezo 
Kpan E min (H) cymficmeennozo cneKmpa a e (H) cymecmeoeaA acficfieKm EcfiiiMoea neo6xo- 
duMO, umo6u onepamop T ujueA 6ecKoneunuu ducKpemnuu cneKmp, m.e. \aa(T)\ = oo. 

B npocTpaHCTBe L 2 (Qi x f2 2 ) onpe^ejiHM caMOConpajKeimbiH onepaTopbi W\ ii W 2 '■ 

W 1 = H -T 1 , W 2 = H -T 2 . 
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Haflo OTMeTHTb, hto flHCKpeTHbifi cneKTp y onepaTopa W\ h W 2 OTcyTCTByeT. TaK KaK, ec- 
jih f(x,y) coScTBeimaa cpyHKHira onepaTopa Wi, T.e. W\f = A/, fljia HeKOToporo A £ R, 
to fljifl (pyHKn,nH = ip{y)f{x,y) HMeeM M^i^(a:,j/) = Xg{x,y), r^e - npo- 

H3BOJibHaa cymecTBeHHO orpaHHHeHHaa H3MepnMafl cpyHKiniH 3a^,aHHafl Ha f2 2 . Cjie^o- 
BaTejiBHO, BCHKoe coScTBeHHoe 3HaneHHe onepaTopa W±, aBjiaeTca SecKOHenHOKpaTHbiM, 
T.e. cr d (Wi) = 0. AHajiorirTHO mojkho noKa3aTb, hto <r d (W 2 ) = 0. 

B CHJiy TeopeMbi 3.3 H3 [12] BbiTeKaeT, hto fljia HHJKHero Kpaa E m i n (H) cy- 
mecTBeHHoro cneKTpa onepaTopa H HMeeTca ,a,Ba cjiynae: E m i n (H) = E m i n (W\) hjih 

Emin(H) = E min (W2). 

Teopeivia 4.3. Ilycmb E m i n (H) = ~Ei min (Wi) = A 1 < E m i n (W 2 ). Ecjiu cymecmeyem 
opmoHopMupoeaHHdtt cucmeMa {ip n } n eN C £2(^2) ydoeAemeopjiwmafi ycjioeuto 

(WJ K , f K ) < Ax + (T 2 / K , /«), « G N, (5) 

g(9e f K (x,y) = tp (x)tp K (y), ipo(x) = 1, mozda nuotce Huotcnezo Kpan cymecmeeuHoso cnen- 
mpa onepamopa H cymecmeyem acficfieKm EtfiuMoea. 

J],OKa3ameAbcmeo. IlycTb b npocTpaHCTBe L 2 (f2 2 ) cymecTByeT opTOHopMnpoBaHHaa 
cncTeivia {<p n }neN yflOBJieTBopaiomaa ycjiOBHio (5). JlerKO npoBepHTb, hto 

1 1 -^2 fn 

B CHJiy KOMnaKTHOCTii onepaTopa K 2 HMeeM lim^oo HA^y^H = 0- O^HaKO, HMeeM 

a(W 1 ) = ^(Wx). 
OTCio^a h H3 HepaBeHCTBO (5) nojiynnM, hto 

Ai < /„) < Ai + (T 2 f n , f n ),ne N. 

CjieflOBaTejibHO HMeeM lim n _ >00 (W r i/ n , f n ) = A x . 3HaaHT lim n _ )00 (iJ/ n , f n ) = Ai. C flpyrofi 
CTopoHbi (Hf n , f n ) < Ai, n £ N. Tor^a, He Hapymaa oSihhocth, mm mcokcm npeflnojio- 
raTb, hto CHCTeMa {/njneTV "ynopa^,OHeHa M B cjie,a,yioiu,eM CMbicjie: 

f K )<(Hf K+1 J K+1 ), KEN. 

HMeeM 

S m in(H) = Hi{H) < (Hfx, fx) < Ai, 

T.e. cymecTByeT #1 G L 2 (fii x Q 2 ), IIpiII = 1 TaKaa, hto Hi(H) = {Hg^gi) < Ai h 
no TeopeMe o npHHinine mhhhm<ikc<i hhcjio fJ-i(H) HBjiaeTca coScTBeHHbiM 3HaneHHeM 
onepaTopa H. 

JXjih Ka>K^oro k £ N onpe^ejiHM no^npocTpaHCTBO L K C L 2 (Qi x fi 2 ) : 

^ K = {/ e L 2 (fi! x Q 2 ) : (/, /,-) = 0, j = 1, 2, «}. 

IlycTb if K cyjKeHne onepaTopa H Ha no^npacTpaHCTBO L K , k £ N. JJ^jis onepaTopa 
Hi HMeeM 

Aii(^i) = S mi n(ifi) = m/{(^!/, /) : / G Lx, ||/|| = 1} < (HJ 2 , f 2 ) = (Hf 2 , f 2 ) < A x . 
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TaK KaK, f 2 G Li, ||/|| = 1, to cymecTByeT g 2 G Li, Hg^H = 1 TaKaa, hto \i\[H\) = 

(H 1 g 2 ,g 2 ) = (Hg 2 ,g 2 ) < Ai- 

J\jir KajK^oro k > 2 noBTopaa aHOJioriiHHoe paccy>KfleHHe, invieeM 

^(fQ = S min (H K ) = inf{(HJ, /) : / G L K , ||/|| = 1} < 

< (H K f K+ iif K+1 ) = (Hf K+1 , f K+1 ) < Ai. 

IlocKOJibKO, G L K , H/k+iH = 1, /c > 2. Tor^a cymecTByeT g K+1 G L K , ||# K+ i|| = 1 
TaKaa, hto 

Hi(H k ) = (H K g K+1 ,g K+1 ) = (Hg K+1 ,g K+1 ) < A x . 

TaKHM o6pa30M, ,n;jia Ka>Kfloro k G iV onepaTop cyaceHiia if K HMeeT coScTBeimoe 
SHa^eHne 

Hi{H K ) < Ai h < fii(H K+1 ), neN. 

Cjie^OBaTejibHO, KajK^oe hhcjio u; k = fii(H K ) < A 1; k = 0,1,2,..., aBJiaeTca co6- 
CTBeHHbiM 3HaneHHeM onepaTopa if, rne H = H ti lim o> n = Ai. ■ 

n^oo 

Teopeivia 4.4. IJycmb E min (H) = E min (W 2 ) = A 2 < E mi „(Wi). i?a/m cyu^ecmeyem 
opmoHopMupoeaHHdtt cucmeMa {(f n }neN C £2(^1) ydoeAemeopHfov^aH ycjioeuw 

(W 2 f K , f K ) < A 2 + (T!/ K , /«), « G iV, (6) 

g(9e f K (x,y) = ip K (x)ipo(y),ipo(y) = 1, mosda nuotce nuotcnezo Kpan cymecmeeuHoso cnen- 
mpa onepamopa H cymecmeyem 9(f>$eKm EtfiuMoea. 

5. IlpHMep 

PaccMOTpiiM nocjie^OBaTejibHOCTb po = 0, Pi — |, p n — Pn-i+^r? n G N. IIojioxhm 



Ha [0, 1] onpe^ejiHM cpyHKipiio u(x) 

u(x) = < 



0, ecjina; G [0, |] 
w (:r), ecjiHX [0, |] 



r^e tto(x) = E <5 n r n (z), 



r K (x) 



ecjiHX G [p«_i,g«] 
gfj, ecjmx e[q K ,p K ] 



Si = 1, 5 n < (^) n , n > 2. 
B npocTpaHCTBe L 2 [0, 1] paccMOTpiiM nocjie^OBaTejibHOCTb opTOHopMiipoBaimbix cpyHK- 

IXHH 

n-\-l 

<Pn{y) = 2 2 sin£ n (y), 
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r^e 

Uv) 



0, ecjiny £ [p K _i,p K ]. 



Onpe^ejiHM aflpo k 2 (y, i), 3a,n;aHHOH (popMyjioii 



fc 2 (y,*)= E (IvWi/KW- (7) 

nGiV 13 

Pafl (7) paBHOMepHO cxofliiTca Ha KBa^paTe [0, l] 2 . Cjie^OBaTejibHO, HHTerpajibHbiii one- 
paTop K 2 , 3aflaHHbiii a^poM k2(y,t), aBJiaeTca caMOConpa>KeHHbiM 11 nojio>KHTejibHbiM b 
£2 [0,1]. 

B npocTpaHCTBe L 2 [0, 1] paccMOTpHM cjie^yiomyio Mo^ejib 

H = H -( 1 T 1 +T 2 ), 7 > I (8) 

r^e 

H f(x,y) =u(x)u(y)f(x,y) 
1 

Tif(x,y) = J f(s,y)dv(s), 


1 

T 2 f(x,y) = J k 2 (y,t)f(x,t)dv(t). 


IloKajKeM, hto b MOflejin (8) HH>Ke HHJKHero Kpaa cymecTBeimoro cneKTpa cy- 
mecTByeT scpcpeKT E(piiMOBa. PaccMOTpiiM nocjie^OBaTejiBHOCTb opTOHopMPipoBaHHbix 
(pyHKipra f n e L 2 [0, l] 2 , ne N : 

f n (x,y) = <p (x)<p n (y), neN, 

rjjp tpo(x) = 1- HivieeM 

((H - tTOA, /1) = (ffo/i, /1) - 7mA, /1) = -7mA, /1) = -7. 

OTCIO^a H H3 HepaBeHCTBO 

((#o - TTi)/, /) > -7m/, /) > -7, / G L 2 [0, l] 2 
nojiyanM, hto E m i n (H — 7T1) = —7. C ^pyrofi CTopoHbi, HMeeM 

((/J - T 2 )/, /) = (ff /, /) - (T 2 f, /) > -(T 2 /, /) > -| / G ^[0, l] 2 . 

Cjie^OBaTejibHO, 113 7 > | h b cnjiy TeopeMbi 3.3 H3 [12] nojiyniiM, hto E m i n (HQ — (7T1 + 
T 2 )) = —7. riojiojKHM 6 n = (|) n , n & N. Tor^a Ka>Kfloe hhcjio u; n = 7 + 6 n aBJiaeTca 
coScTBeHHbiM SHa^eHHeM onepaTopa T = 7T1 + T 2 Tax, KaK 



1 1 

(Tf n )(x,y) =7 y ip (s)<p n (y)di/(s) + J k 2 (y,t)(p (x)(p n (t)dv(t) =if n (x,y) 



+ 
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+b n fn(x, y) = (7 + b n )f n (x, y), ne N. 



J\nn onepaTopa H nojiynuM, uto 

1 1 1 

(HofnJn) = J U{s)du{s) J u(t)(f%(t)du(t) < J u(t)<p 2 n (t)dv(t) < 5 n , 11 G N. 


OTCiofla, 

((H - jTi)f n , f n )<5 n - 1 <- 1 + (^) n = E min {H) + (T 2 f n , f n ), n > 2 

T.e. BbinojiHaeTca ycjiOBne H3 TeopeMbi 4.3. 3HaunT, b mo^jih (8) Hii>Ke HH>KHero Kpaa 
cymecBeHHoro cneKTpa cymecTByeT sdpcbeKT EcpHMOBa. 
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